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Introduction
During the last few years, Spanish academic authorities have taken a number of educational measures in order to combat academic underachievement in high schools including an increase in funding and resources destined to education improvement [1] . As a result of these education policies, the percentage of students with academic underachievement in the final stage of Spanish high school, called Bachillerato, certainly has reduced but just timidly at levels still very worrying. In fact, the vertical bars that correspond to W 1 , M 1 , W 2 and M 2 in the plots of Figure 3 show that the total percentage of students that do not pass in this educational level has stabilized around 30%. This high rate of academic underachievement in Spain is becoming a major social and political concern because it is a decisive factor for unemployment and also influences the future development of a country. The analysis of school performance has an important role in achieving quality education and increasing its efficiency. The number of students that abandon their studies not only in the stage of Bachillerato but also in other educational levels, and therefore they are not going to be qualified workers is greater than the number of qualified jobs expected over the following years. This will lead to an increase in unemployment among young students, which is also a primer concern of the European Union [2] .
We focus our attention on the data from the Spanish Bachillerato that theoretically correspond to students who are 16-18 years old. They come from Compulsory Secondary Education, called Educación Secundaria Obligatoria (ESO), where students should stay for four years (from 12 to 16 years old). After finishing with this academic level, a great part of them decide to access to Bachillerato, which is not mandatory. Bachillerato consists of two years and the subjects are more specialized in science, literature or art than in ESO. The main objective of Bachillerato training is to prepare high school students for university studies, although students passing to the Bachillerato level can decide to access directly to the labor market or to continue non-university training studies (see Figure 1 ). In accordance with educational regulations in force in Spain (called LOE), a student of first stage of Bachillerato passes to the second stage of Bachillerato, if at most she/he fails two subjects out of ten that has the full course [3, 4] . As the second stage of Bachillerato constitutes the last course of this educational level, a student will promote this academic level if she/he passes all the subjects. In this paper we are interested in studying the academic underachievement in Bachillerato. To address this problem, in addition to consider autonomous behavior of students who take decisions about their own priorities, goals, etc., we assume that academic underachievement is a socially transmitted behavior [5, 6] . We treat school failure as a problem that is transmitted through social contact. These social contacts have an influence on the probability of transmission of bad study habits. The main idea behind this approach is that these inappropriate habits may spread from one student to another, more probably between students of the same academic level. These facts lead us to propose an epidemiological-type mathematical model to study the evolution (transmission dynamics) of the academic underachievement in Bachillerato. According to [7] , there exists a significative difference of academic performance depending on genre. In general, women obtain better academic results than men. This motivates the fact that our model considers genre into its formulation.
We focus our attention on Bachillerato educational stage for several reasons. Firstly, to the best of our knowledge, none study based on the previous epidemiological approach has been proposed to study academic underachievement. From a mathematical standpoint, Bachillerato has a simpler academical structure that seems to be an adequate start-point to introduce these type of modeling approach. Secondly, from a social viewpoint, Bachillerato represents a milestone in the career training of students because, as we said, when they finish Bachillerato, they can decide whether to continue their higher studies (university or professional training) or to access the work market. This is of paramount importance for society because as we pointed out previously, although the percentage of high school academic underachievement has reduced over the last years, nowadays it seems to be at a worrying steady-level. This constitutes a serious problem not only for these individuals and their families but also for the society that has invested an important amount of money in their previous training. Thus, the construction of an adequate mathematical model allows us to understand the mechanism behind the academic performance and to predict how things will evolve over the next few years.
Building the mathematical model

Available data
In this paper, we have considered the available data corresponding to the first and second stage of Bachillerato, in both, public and private high schools all over Spain during academic years 1999/2000 to 2007/2008. We point out that we study this period because after the academic year 2007/2008 only partial data corresponding to specific regions of Spain are available. For each of these academic years, Table 1 collects the percentage of women/men that pass (W i /M i ) and do not pass (W i /M i ) for each level i = 1, 2 (that corresponds to the first and second stage of Bachillerato, respectively) over the total Spanish Bachillerato students. After some algebraic manipulations, these data have been obtained from the official database [8,9] and they are referred to the month of September, when each academic year ends officially. Table 1 The available data corresponding to the first and second stage of Bachillerato, in both, public and private high schools all over Spain during academic years 1999/2000 to 2007/2008. Each row shows the percentage of women/men that promote (W i /M i ) and do no promote (W i /M i ) for each level i = 1, 2 (that corresponds to the first and second stage of Bachillerato, respectively) over the total Spanish Bachillerato students. These data are referred to the month of September, when each academic year ends officially. Before describing the proposed model, we want to emphasize that other tentative models were discarded until its current formulation. For the sake of clarity, comments about this issue will be included throughout the paper.
We build our mathematical model based on an epidemiological-type model by considering that academic underachievement is a process that takes place when a female (W) or a male (M) student that initially belongs to the promotable group of a specific level, W i or M i , i = 1, 2, leaves her/his good academic habits due to the negative influence (contagion) from other students of the same educational level who belong to the group of students with academic underachievement, W i and M i . We emphasize that, in spite of the fact that Spanish Bachillerato students share the same educational center with students belonging to other lower educational levels, it is realistic to assume that from an academic performance point of view, in general, the contagion between them is not significative. This statement is justified by the differences in age and maturity between students that belong to different educational levels, their physical location in the high school, etc. In the model, these considerations will be taken into account even for Bachillerato students of different academic level. We shall consider that, for each specific academic level under study, the bad academic habits just spread between students of the same course, independently of their genre. We point out that during the formulation of our model, we considered the transmission of bad study habits between students belonging to different stages of Bachillerato as a possibility, however it was discarded because it implies an increasing of the number of parameters to be computed that, as we checked, it does not provide any better fitting. Thus, the transitions described can be modeled as follows:
• For a specific Bachillerato academic level i = 1, 2, a student in W i (respec.
Note that modeling above assumes implicitly population mixing for each academic level under consideration. This is a usual assumption in typecontinuous epidemiological models [10] . Note that encounters between all Spanish students of the same academic level are assumed implicitly through population mixing hypothesis which is not realistic, however coefficients β W i and β M i modulate themselves the weighting of these encounters.
• For a specific Bachillerato academic level i = 1, 2, students can also acquire bad academic habits because they autonomously decide to strive less and to give up appropriate study habits due to lack of self-motivation, personal problems, etc. This individual behavior can even be determined by external influences of other people including other students but being of different academic stage. This type of transition is modeled by means of a linear term α
• Data collected in Table 1 refer to the end of each academic course, i.e., in September when, according to educational regulation in force in Spain, every student in W 1 and M 1 will pass to W 2 and M 2 , respectively. • For a specific Bachillerato academic level i = 1, 2, a student in W i (respec. also contain those autonomous decisions adopted by students belonging to W i and M i , respectively. Then, the transitions between these different subpopulations are described by the following coupled nonlinear system of differential equations where the unknows are
(1)
The parameters of the model are:
• α g i , denotes the rate at which a student of Spanish Bachillerato academic level i and genre g who belongs to the promoting group passes to have bad academic habits by an autonomous decision. In accordance with personal trait patterns and academic performance of adolescents [11] , it is considered that for the same educational stage, women are more responsible with respect to studies matters than men. Whereas comparing the same genre, students that belong to the second stage of Bachillerato get more involved than students of the first stage due not only to maturity but also they feel more self-motivated because they are about to get the Bachillerato degree. In consequence, We consider these academic behavioral conclusions by assuming, respectively, that
At this point, we notice that when we were constructing the model and, as a tentative purpose, we also tried its formulation without assuming restriction (2). However it was discarded because it implied an increase of the computational time without improving the model fitting.
• β g i , denotes the transmission rate at which a student of Spanish Bachillerato academic level i and genre g adopts bad academic habits due to the negative influence from students that do not pass and belong to the same academic level i including both genre.
• γ g i , denotes the rate at which a student of Spanish Bachillerato academic level i and genre g who has bad academic habits, by an autonomous decision, decides to change her/his bad academic habits and she/he ends up getting into the passing group.
The flow diagram, associated to the model, is depicted in Figure 2 . 
Parameter estimation
In this section we will estimate the parameters of (1) by fitting the model in the mean square sense to the data collected in Table 1 . We have carried out computations with Mathematica 7.0 [12]. As initial conditions of the system of differential equations (1), we take data of the academic year 1999/2000 (corresponding to t = 0), so W 1 (0) = 19.68, M 1 (0) = 15.24, W 1 (0) = 9.75, M 1 (0) = 9.33, W 2 (0) = 16.21, M 2 (0) = 11.64, W 2 (0) = 9.52 and M 2 (0) = 8.63. The estimated parameters are collected in Table 2 . The value of the function in the global minimum (i.e., the least square error) that we have obtained is 0.0095. 
Regarding Table 2 , for both educational stages, the transmission rate at which male students of Bachillerato adopt bad academic habits due to influence of students that do not pass is greater than the corresponding one for female students, i.e., β
Whereas the rate at which a male student of Bachillerato who has bad academic habits decides autonomously to change his bad academic habits and he ends up getting into the passing group is greater than the corresponding one for a female student, i.e., γ . We point out that both results agree with conclusions derived from other pedagogical studies [11] .
Prediction over next few years
Now, once the model is stated and the parameters estimated, we are able to give predictions of each subpopulation over the next few years computing the solutions of the model, W 1 (t), W 1 (t), M 1 (t), M 1 (t), W 2 (t), W 2 (t), M 2 (t) and M 2 (t) for values of time t in the future. The solution to model (1) is plotted in Figure 3 . According to the model predictions, the percentage of students that pass (do not pass) in the second stage of Bachillerato seems to increase (decrease) slightly as time goes. While in the first stage of Bachillerato the situation is different. In this case, the model forecasts a stabilization of the percentage of students that pass and do not pass. Regarding the global prediction of the model, note that the total percentage of Bachillerato students that will not pass is worrying because it will lie around 30% which still constitutes a high rate. In accordance with the model, the first stage of Bachillerato is the key level to begin to combat academic underachievement in Bachillerato not only because it has greater associated academic underachievement rates than second stage but also these rates tend to stabilization. From a pedagogical point of view this feature can be explained due to the considerable degree of difficulty of Bachillerato subjects with respect to ESO contents.
Conclusions
In this paper we have developed a continuous model to study academic underachievement in the last educational stage of the Spanish high school, called Bachillerato. The major novelty of this contribution is the treatment of school failure as a problem that is transmitted through social contact including its mathematical type-epidemiological modeling. We point out that the results we have obtained agree with conclusions derived from other studies but in addition the model allows seeing how things will evolve in the next future. Hence, it enables us to make an estimation of the number of pupils who will apply for higher education. This is a key issue since academic underachievement is a decisive factor for unemployment and also has a great influence in the future development of a country.
Finally, we want to point out that this contribution constitutes a first step in the modeling of academic underachievement applying a type-epidemiological approach. Therefore, additional studies must be done in the forthcoming work. On the one hand, based on similar ideas developed in [13] to excess weight health concern, we firstly plan to study the parameters of the model (1) in depth in order to reveal not only their marginal influence over the final results by means of a sensibility analysis but also to set suitable educational policies to improve the current situation. On the other hand, the treatment of model (1) as a system of random differential equations is more realistic since owing to the complexity of the phenomenon under study, in practice, both initial conditions and coefficients are not known in a deterministic way. Notice that our model does not consider noncompletion of Spanish Bachillerato studies because at the moment the available data do not provide this information. Although the abandon rates referred to the Spanish Bachillerato do not seem to be significant, in the future it would be desirable to reformulate the model (1) taking into account this factor and to contrast with our current proposal, whenever data are available. To conclude, notice that the formulation of models like (1) but adapted to another educational levels is also demanded.
